Int J Theor Phys (2010) 49: 564-574
DOI 10.1007/s10773-009-0237-1

The Quantal Canonical Symmetries for a Singular
Lagrangian System with Subsidiary Constraints

Ziping Li - Jinhuan Jiang

Received: 29 October 2009 / Accepted: 22 December 2009 / Published online: 9 January 2010
© Springer Science+Business Media, LLC 2010

Abstract The quantization for a system containing subsidiary constraints (in configuration
space) with a singular Lagrangian is studied, in certain case which can be brought into the
theoretical framework of constrained Hamiltonian system. A modified Dirac-Bergmann al-
gorithm for the calculation of all phase-space constraints in those systems is derived. The
path integral quantization is formulated by using the Faddeev-Senjanovic scheme. The clas-
sical and quantum canonical symmetries (Noether theorem in canonical formalism) are es-
tablished for such a system. An example is given to illustrate that the connection between the
symmetry and conservation law in classical theory are not always validity in the quantum
theory.
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1 Introduction

Symmetry is now a fundamental concept in modern physics, classical Noether theorem and
their generalization are usually formulated in terms of Lagrange variables in configuration
space. Recently the canonical symmetry of a system with a singular Lagrangian both in
classical and quantum theory has been presented [1]. A system with a singular Lagrangian
is subject to some inherent phase-space constraints in Dirac sense, which is a constrained
Hamiltonian (canonical) system. In order to study the quantal canonical symmetry of a con-
strained Hamiltonian system, the path integral provide a useful tool. The path integral quan-
tization for constrained Hamiltonian system can be formulated with aid of Dirac theory of
singular Lagrangian and method of path integral, numerous works were performed, such as
Faddeev-Senjanovic scheme [2, 3], Batalin-Fradkin-Vilkovsky method [4] and others [1].
The phase-space path integrals are more fundamental than configuration-space path inte-
grals. In certain integrable cases for canonical momenta, the phase-space path integral can
be simplified by carrying out explicit integration over canonical momenta, which can be
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converted into configuration-space path integral obtained by using Faddeev-Popov trick [5]
(for example, Yang-Mills theory).

A system with a singular Lagrangian is a constrained Hamiltonian system which La-
grangian in configuration space usually does not contain subsidiary constraints. However,
there are many physical systems whose motion is subject to some subsidiary constraints
in configuration space, such as holonomic/nonhlonomic constraints in mechanical systems,
and some subsidiary conditions in field theories (for example, non-linear o-model, CP!
model, etc.). We shall investigate here a more general case to study the quantum theory
and their quantal canonical symmetries for the systems with the singular Lagrangian con-
taining subsidiary constrained conditions (in configuration space). Those systems are called
constrained singular systems.

In order to study the quantum symmetry of the constrained singular systems, first of all
one needs to study the quantization of such a system. The constrained singular systems both
have inherent phase-space constraints and subsidiary configuration-space constraints. We
shall study the following cases: it is supposed that first the subsidiary constraints can be
converted into the phase-space constraints by using the definition of canonical momenta,
and second, the compatibility between the inherent phase-space constraints and giving sub-
sidiary constraints (expressing in canonical variables) has been taken into account. Thus the
theory for certain constrained singular system described in phase space can be brought into
the theoretical framework of constrained Hamiltonian system.

The paper is organized as follows. In Sect. 2, the modified Dirac-Bergmann algorithm
for calculation of all canonical constraints in a system with a singular Lagrangian containing
subsidiary configuration-space constraints is derived. In Sect. 3, the phase-space path inte-
gral quantization for constrained singular system is formulated. In Sect. 4, the classical and
quantal canonical symmetries for constrained singular systems are studied, the comparison
of both results is discussed. In Sect. 5, an example is given to illustrate that the connections
between the symmetry and conservation law in classical theories are not always validity in
the quantum theories, the conservation law at the quantum level differs from classical one.
Sect. 6 is devoted to the conclusions and discussions.

2 The Modified Dirac-Bergmann Algorithm

For the sake of simplicity, let us now first consider the discrete system with finite degree
of freedom, the generalization to the field theory is straightforward. Consider a dynamical
system described by a singular Lagrangian L(g’,q’) (i =1,2,...,n), we introduce the
canonical momenta p; = 3L /4’ and canonical Hamiltonian H, = p;§’ — L, which may be
formed by eliminating only ¢’ (the summation is taken over repeated indices), thus, one can
go over from the Lagrange description to the Hamilton description. Consider a system with
a singular Lagrangian whose Hessian matrix [3?L/84'9g/] is degenerate and suppose its
rank to be n — R. Then, from the former n — R defining equations of canonical momenta,
one can solve generalized velocities §° (0 =1,2,...,n — R) as the functions of ¢', §” and
Pa>

¢ =r"G.¢" p.) (0,a=1,2,....n—R,p=1,2,...,R) (1)

substituting the ¢° in the last R defining equations for the canonical momenta yields R
relations (primary constraints) between the canonical variables [6]

¢2(q', p)=0 (a=1,2,....R) 2)
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It is supposed that for such a system whose motion is also subject to some subsidiary
configuration-space constraints

Gi(q'.¢)=0 (s=1,2,....m" a+m' <n) 3)
the equations of motion in configuration space of this system are given by [7]

d oL 9L _ dG,
dtd¢t  dqi g

“

where A°(¢) are Lagrange multipliers.

Supposed that those systems are described by singular Lagrangians, and moreover, are
submitted to some subsidiary constraints (3), now we study those cases that one substitutes
(1) into (3), which can be converted to the canonical constraints G,(g’, p;) = 0. Let us
suppose that we have taken into account the compatibility between the inherent constraints
arising from the singularity of the Lagrangian and the giving subsidiary constraints (3) in
canonical variables. From the variation of the canonical Hamiltonian, one gets

oL

84" o)

(SHC :ql(spl - 8ql

The canonical Hamiltonian is only a function of canonical variables g’ and p; both for
regular and singular Lagrangian [8], thus, the variation of canonical Hamiltonian H¢ can be
written as

0H- . 0H
bH. = ——8q" + —<p; ©)
aq’ opi
Comparing (5) and (6), one obtains
., 0Hc 5 8L+8HC S0’ =0 )
q o Di g g q =
Using (4), the expression (7) can be written as
.. O0H . 0H 3G, .
g — = )opi — P+ e A2 )8gT =0 ®)
ap; aq’ g’

In the mechanical systems, usually the Lagrangians of the systems are quadratic form in ¢‘,
3Gy _ 3G =G
ag  9p; 9g'
ical variables if one adopts above hypothesis. For the systems with singular Lagrangian,
from (2) it follows that

si(g', pi) are functions of canon-

thus dp; /8¢’ are independent of ¢', and

0 0
ad)‘f 8q' + 09,

g’ api
Introducing the Lagrange multipliers n“(¢) and combining (8) and (9), one obtains the equa-
tions of motion in phase space for a system with a singular Lagrangian containing sub-
sidiary constraints(which can be converted into canonical constraints by using the definition
of canonical momenta)

5pi=0 ©)

.. 9Hc LOHC
q = +u (102)
opi opi
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pi == = T+ XGy (10b)

For any function F(g', p;) of canonical variables g’ and p;, using (10), one can obtain

OF ., OF . OF
4"+ —pi={F, Hr}+G;

F=_——
aq’ opi opi

(11a)

Where Hr = He + u“qbg is a total Hamiltonian, G; = A*Gy;, and {.,.} denotes Poisson
bracket.

Let it be considered that ¢° = ¢2(¢, p;) and G,(¢', p;) = 0 are primary constraints for
those constrained singular systems [9] and denoted by CDO (d) G;), the consistency con-
ditions of primary constraints, d>0 0, may give some equations to determine the Lagrange
multipliers u“(t) or A*(t), or perhaps, may yields secondary constraints

0 CDO
api

oL =% = {0, Hr} + G; =0 (12)

The consistency conditions of secondary constraints can also lead to some new secondary

constraints, this procedure enables us to define successively the secondary constraints

k—1 k—1 anI(;_l
= o5 = (05 Hp) + G

=0 (13)

i

until
m
@y = & = (0], Hy) + G
Pi
are satisfied after a finite number steps. This is a modified Dirac-Bergmann algorithm for
the calculation of the phase-space constraints in a system containing subsidiary constraints
with a singular Lagrangian.

Itis also supposed that we have taken into account the compatibility among all constraints
{@’;} (x=a,s,k=0,1,2,...,m).

For a system with a singular Lagrangian containing subsidiary holonomic constraints
G,(¢') =0, in this case the equations of motion in configuration space can be obtained
by using )\’%};" instead of )ﬂ% in (4), and the canonical equations can be written as

={q', Hy}, pi = {pi, Hy}, where H} = Hc + u“qbg + A°Gy. A slight modified Dirac-
Bergmann algorithm for the calculation all phase-space constraints in this holonomic system
is very similar as usual singular Lagrangian without containing subsidiary constraint, which
can be obtained by using H; instead of Hr in usual one.

Let us consider a system with a singular Lagrangian containing the non-holonomic con-
straints linear in ', Gy = ¢ dG“ + by, where Gs and b, are functions of ¢’, only, in this case,
(11a) can be written as

=cl ok (14)

G, OF
*9q" dp;

={F, Hc + n“¢? + 2,G,} (11b)

Thus, this non-holonomic system can be brought into theoretical framework of constrained
Hamiltonian system if those constraints G,(q’, ¢') = 0 can be converted into the canonical
constraints by using the definition of canonical momenta and the compatibility among all
constraints {CID’;} have been taken into account. A slight modified Dirac-Bergman algorithm
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for the calculation all phase-space constraints in this non-holonomic system can be obtained
by using Hy = H¢ + /ﬂ(bg + A, G, instead of total Hamiltonian Hy in usual one.

All the constraints {@’;} are classified into two classes, a dD’; is defined to be first class
if {CD';, CD’;} = 0(mod d>lr) for all @f_, otherwise it is second class, first-class constraints are
linked to gauge freedom as usual [1].

3 The Quantization for Constrained Singular Systems

The path-integral formulation is a useful tool for investigating the quantal symmetries of
the system. In order to study the quantal symmetry for a constrained singular system, the
first step is to give its quantization. One method of the quantization of the system is the
canonical-operator quantization, another one known as the Feynman path integral and its
generalization. The advantage of the path integral formulation to study the symmetry prop-
erties of the system at the quantum level is that one deals C-number, not g-number. Phase-
space path integrals are more fundamental than configuration-space one. In the phase-space
integral approach, one starts with a definite Hamiltonian to provide a dynamical framework.
Nevertheless, in contrast with conventional approach, the equation of motion of the sys-
tem will not enter the calculation; the final results satisfy automatically restrictions of the
equations of motion.

The quantization of the constrained Hamiltonian system based on Dirac formalism and
using the method of path integral was performed by Faddeev [2], he restricted the dis-
cussion to the case when only first-class constraints are present. A generalization of Fad-
deev’s method to a system, which also contains second-class constraints, was done by
Senjanovic [3]. For the case when a constrained singular system which can be described
in canonical variables and can be brought into the theoretical framework of constrained
Hamiltonian system, the Faddeev-Senjanovic quantization scheme can be applied to those
constrained singular system. Let {@g} (¢ =a,s,k=0,1,2,...m) denotes all canonical
constraints derived by using a modified Dirac-Bergmann algorithm for a constrained singu-
lar system, we separate all constraints {(D’;} into first-class constraints and second ones, let
Ai(g', p)=0(1=1,2,...,k;) be first-class constraints which linking to gauge freedom
is assumed, and 6; (g, p;) =0 (i = 1,2, ..., I;) be second-class constraints. According to
Faddeev-Senjanovic path integral quantization scheme, for each first-class constraints, one
must choose a gauge condition, the gauge conditions connecting with the first-class con-
straints are denoted by €;(g*, p;) =0 (k=1,2, ..., k). Then the quantum transition am-
plitude (S-matrix element) for those systems is given by [3]

26

ki
Z[0] = /Dq"Dpf [Ts0s@0) - [ [86) - det|{A;. @}l - [det|{6;. 0,311
k=1 i=1

X exp{i/dt[p,-q'i - HC]} (15)

where Hc is a canonical Hamiltonian.

The quantum field theory can be considered to be characterized by the set of all the
Green’s functions which can be written compactly using the path integral. This technique
consists of canonical Lagrangian L” = p;¢’ — H¢ by addition of the terms ¢’ J;, where J;(¢)
are exterior source for the g’ (¢). Thus, the phase-space generating functional of the Green’s
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functions can be written as

ZlJ] = f Dg'Dp; [ [ 80))8(A)8() - det|{ A, @} - [det|{6;, 0,11

ikl
xexp{i/dt[p,-cf —HC+Jiqi]} (16)

This path integral main ingredient is the classical action and exterior sources together with
the measure in the phase space of field configurations. From this generating functional one
can derive all quantities, such as quantal conserved quantities in the symmetries of the sys-
tem, etc. Using the §-functions and integral properties of Grassmann variables n*(¢) and
n(t), the expression (16) can be written as [1]

Z[J]:finDpiDn+DnDAn, -exp{i/dz[LferJ,-q"]} (17)
where
Lip=L"+Lu+Lg, (18a)
L" = pig' — H, (18b)
Ly =X1;0; + Mg + 182, Am = (Aj, Ay Ar) (18¢)

1
Lgn Z/df[nJ“(t){Ak(f),Qz(f)}m(f)+ Enf(l){@(t),9/(f)}?7/(f)] (18d)

4 The Canonical Symmetries

The classical/quantal canonical symmetries for a system with a singular Lagrangian not
containing subsidiary constraints were studied in previous works [1, 10]. Now we give a
generalization of those discussions to a system with a singular Lagrangian containing sub-
sidiary conditions, the comparisons of the results of both classical and quantal theory are
investigated.

Let us consider a global infinitesimal transformation

'=t+At=t+e,1°(t,q", pi)
4" (1) =q'(O) + Aq (1) = 4" (1) + £oE7 (4", pi) (19)
Pt = pi(t) + Api(1) = pi(t) + ean{ (t. 4", pi)

where ¢, (0 =1,2,...,r) are infinitesimal constant parameters, and 1%, &°, n? are some

functions of canonical variables. It is supposed that the canonical Lagrangian L” is invariant
under the transformation (19), under this transformation one has [10]

.. OHc . dHc\., d D g’
q' — pi —\ pi + — )8q" + —-[pi(Aq" — 4" A1) + (pig" — Hc)At] =0 (20)
api dg dr

Let it be further assumed that the simultaneous 8¢° = Ag’ — ¢' At and 8p; = Ap; — p; At
determined by the transformation (19) satisfy (9), and 8¢’ satisfy the same conditions as
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virtual displacement imposed by subsidiary constraints (3)

3G,
8gi

8¢'=0 1)

Using a set of Lagrange multipliers p“(¢) and A*(¢), combining the expressions (9), (20)
and (21), one gets

.. dHc R . 0Hc dp° 3G, )\ .
= === )opi — | P . 24 _)— )dq"
(q opi o opi P pit aq’ e aq’ aq' 1

d .
+E[piAq’ — HcAt]=0 (22)
Using the equations of motion (10), from (22), one has
piE'® — Hot® = const (23)

Thus, we have the following classical canonical Noether theorem for a system with a sin-
gular Lagrangian containing subsidiary constraints (3): If, under the transformation (19) the
canonical Lagrangian L is invariant, and the simultaneous variations of canonical variables
8q' and 8p; determined by the transformation (19) satisfy (9) and (21), then, there are some
conservation laws (23) for those systems.

Based on the generating functional of the Green’s function (17), let us now study the
quantum canonical symmetry of the constrained singular system. It is supposed that the
effective canonical action determined by (18a) is invariant under the global infinitesimal
transformation (19). Now we localize the transformation (19) which can be done by using
&, (1) instead of ¢, in the transformation (19), and consider the following local infinitesimal
transformation connected with the transformation (19)

V=t+At=t+e,)1°(, 4", p;)
q" (1) =q' () + Aq' (1) = q' (1) + e, (DE (1, 4", pi) (24)
pi(t")y = pi(t) + Api(t) = pi(1) + &, On? (. 4", pi)

where ¢, (¢) (o0 = 1,2, ..., r) are infinitesimal arbitrary functions and their values and deriv-
atives vanish on the end point of the time interval. According to assumption the effective
canonical action IeP -+ 1s invariant under the transformation (19) and using the boundary con-
ditions of the &, (x), one can obtain the variation of the effective canonical action If}f under
the transformation (24) [1]
stt. . SIF . )
ALl = / { S;fif 5q' + 5;{?‘ Spi + %[p,-aq' +(pig' — Hyp)Al] }dz

1

o » d
+/:[pi(é’“ —q't°) +(pig' — Hef:f)r“]zsa(t)}dt

d [ ci_O 13 o
= —/dtea(t)a[pi(é’” —q't7) 4+ (piq" — Hepp)t”] (25)
where
P P
8logp . OHepy Olopy . OHeyy
8q' " 0q" T Spi api
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and H,ss is a Hamiltonian connecting with an effective canonical Lagrangian (18a). In the
expression (25) we have use that the effective canonical action Ig-f is invariant under the
transformation (19), thus, the first integral in (25) is equal to zero, and the integration by
part of second integral in the right-hand side of (25) for the first equality, since &, (¢) are
vanish in the end point, therefore we have the expression (25).

It is supposed that the Jacobian of the local transformation (24) connected with the global
transformation (19) is equal to unity, the generating functional (17) is invariant under the
transformation (24), thus, one has

Z[J]1= /Dql’Dp,-Dn+DnDA,,, ~exp{i/dt[L:ﬁ+Jiqi]}

d . . .
X {1 —i / dl‘8a(t)|:a(m§m — Hoppt%) + Ji (8" — élfa)]} (26)
Functionally differentiating (26) with respect to &, (¢), and let J; = 0, one obtains
O|T*[p;E° — H,¢t?]|0) =const (o0 =1,2,...,7) 27

where the symbol |0) indicates the ground state of the system, and the symbol 7* stands for
the covariant 7' product [11]. Consequently, if the effective canonical action Ie’}f is invariant
under the transformation (19) and the Jacobian of corresponding transformation (24) is equal
to unity, then, there are conservation laws (27) at the quantum level for a system containing
subsidiary constraints with a singular Lagrangian. This conservation laws differ from the
classical ones, in the latter case provide a canonical Hamiltonian H¢, whereas the former
case provide an effective Hamiltonian H,;; which may include all constraints (subsidiary
constraints, especially) and gauge conditions arising from the quantization of the constrained
singular system.

5 An Example
Let us consider a system whose Lagrangian is given by [12]
I . . 1 . ) 1
L=301+8) + 54360 +92) — a3(@1d> — 4241) = 57 +43) (28)
Suppose that this system is subject to a subsidiary constraint
G=a’q} — 142~ 43 =0 (29)

where a is a constant. The canonical momenta are given by

JdL . .
p1= % =q1 + q2q3, P2 =42 — 4193, p3=0 (30)
1

Thus, the Lagrangian (28) is singular and primary constraint is

¢’ =p;=0 €2))

The canonical Hamiltonian is given by
I 2y _ _ L
He=piq" = L =2 (pi + 1) = a3(192 = p2q1) + 5 (a1 + 43) (32)
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From (30) one can solve ¢; and ¢, as the function of canonical variables and substitute them
into the (29), thus, the subsidiary constraint (29) can be converted to canonical constraint in
phase space.

G’ =a’(p1 — 9243)° — (P1 — ©243) (P2 + q193) — (P2 + q193)* =0 (33)

Obviously, constrains (31) and (33) are compatibility.

The constraint (33) can be considered as a primary constraint in phase space. Using
the above modified Dirac-Bergmann algorithm, the consistency conditions of primary con-
straints ¢* = 0 and G° = 0, (fbo =0and G° = 0, give some equations to determine the La-
grange multipliers w(¢) and A(¢) respectively, and do not yield any secondary constraint,
and

(0%, G°} =2a’q2(p1 — 4293) — 11 — @202 — 20192q3 + 21 (P2 + q1g3)  (34)

thus ¢° = 0 and G° = 0 are second-class constrains. Using the Faddeev-Senjanovic path-
integral quantization scheme, the phase-space generating functional of Green’s can be writ-
ten as

Z[J]= f Dq'Dp; Dt DDA, 8(¢°)5(G)/det [{¢°, GO}

x eXp{i/dt[piéi — He + Jiqi)}

= /inDpiDn+DnDAm exp{i/dt[Lfﬁf-i-J,-qi]} (35)
where
LIy =L"+L,+Ly (36a)
L" =pig' — H, (36b)
Ly =2¢° +2,G° (A1, A» are multipliers) (36¢)
1
Ly = 5/drn,*(t){@i(t),Oj(r)}n,-(r) (36d)

and 6; = ¢° and 6, = G°. Thus,
2
det|{6;,0;} = ({¢°. G"}) 37)

The Lagrangian (28) and the primary constraint (31) are invariant under the time translation
t' =t — &, because the subsidiary constraint is a homogeneous function of ¢ in two order,
thus

0G . G
8q' =¢

7754 aq.ic}’=2sG=0 (38)

under the time translation. According classical canonical Noether theorem, from (23), one
obtains (1% =1, £/ =0) the energy conservation of this constrained singular system at the
classical level,

1 1
Hc = E(P% +13) — @3(Prg2 — p2q1) + 5(6112 +g3) = const (39
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This result can also be derived by using the integral theory of non-holonomic system in
configuration space [13].

Let us now discuss the quantum case. The effective canonical Lagrangian L ;-f is also
invariant under the time translation and Jacobian of the corresponding transformation of the
canonical variables is equal to unity. From (27) one gets a conservation law

(0|T* H,s]0) = const (40)

for this constrained singular system at the quantum level. The conservation law (40) differs
from classical one (39). This means that the connection between symmetry and conservation
law in classical theories in general is no longer preserved in quantum theories. This case is
called anomaly. It had been pointed out that the anomalies could be viewed as a result of
the non-invariance of the functional measure under the some symmetry transformation [14].
The above result indicates that the anomaly may appear in a case with invariance of the
functional measure under the symmetry transformation.

6 Conclusions and Discussions

The quantization for a system containing subsidiary constraints with a singular Lagrangian
is studied. We discuss in the following cases. (1) The subsidiary constraints can be con-
verted into the canonical constraints by using the definition of canonical momenta. (2) The
compatibility between the subsidiary constraints and inherent constraints arising from the
singularity of the Lagrangian had been taken into account. In those cases, a modified Dirac-
Bergmann algorithm for a constrained singular system is deduced. The path integral quan-
tization is formulated by using Faddeev-Senjanovic scheme. The canonical symmetries are
study both at the classical and quantum level and an example is given to show that the
classical result is not always validity at the quantum level.

For a system with a regular Lagrangian containing subsidiary constraints, the all §' can
be solved from the definition of the canonical momenta, thus, the subsidiary constraints can
be inverted into the phase-space constraints. This system can be brought into the theoretical
framework of constrained Hamiltonian system.

In the study of the properties of the electromagnetic field near the interface of dielec-
tric media, the boundary conditions G,(A%) =0 on the interface have been used as the
subsidiary conditions [15, 16]. These subsidiary constraints can be inverted into the canon-
ical constraints by using the definition of canonical momenta. It is easy to check that these
subsidiary canonical constraints are compatibility with the inherent phase-space constraints
arising from the singularity of Lagrangian of the electromagnetic field. Using the modified
Dirac-Bergmann algorithm, the quantization for those constrained singular system can be
formulated by using Faddeev-Senjanovic scheme and quantum canonical symmetries for
those system can also be studied. Work along this line is in progress.
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